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Abstract 

The time-dependent rotational diffusion equation for rigid macromolecules in solution has been approximately solved for 
two cases in order to extend the elect& birefringence technique to streaming-electric birefringence. One is for the initial 
period through the application of a rectangular electric pulse to the solution immersed in a low shear flow. The purpose of 
this is expansion of the distribution function into a function series made by the product of the powers of reduced time 
( = Or) and hydrodynamic field (Y ( = G/O, G: velocity gradient, 0: rotary diffusion constant) and a surface harmonic Pi 
cos j4. The solution for the build-up process at arbitrary electric field strength is found, but is limited to low hydrodynamic 
fields. The other is for the response when an alternating electric field is applied to the solution in a shear flow. Here, instead 
of reduced time, the maximum electric field E, is chosen as a parameter for the expansion. The expressions for the intensity 
of the transmitted light through crossed Nicols are derived in two optical systems where the polarizer is set at an angle of 4.5” 
and 0” to the direction of the electric field. The results in the former case show that we can determine four parameters, the 
ratio of velocity gradient to rotary diffusion constant, the axial ratio of a particle, the anisotropy of electric polarizability, and 
the optical anisotropy factor, from four values observed in two optical systems, namely, two light intensities befote applying 
an electric field and two initial slopes of the build-up after applying an electric field. On the other hand, when a low 
alternating electric field with extremely high frequency is applied, the build-up of the light intensity in the former case is the 
same as that of electric birefringence for pure induced dipole orientation. The build-up for the latter optical system is the 
same as the expression for pure induced dipole orientation of ECq. (38) shown in a previous work. 
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1. Introduction 

The measurement of electric birefringence is very sensitive, thus making possible measuremenit at dilute 
concentrations and for small-scale samples. Moreover, it gives us various kinds of information such as the 
electric, optical, and hydrodynamic properties of the solute. However, we can neither directly determine whether 
the shape of the solute particle with geometrical symmetric axis is prolate or oblate nor determine any of the 
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signs of the optical anisotropy factor and the anisotropy of electric polarizability. In order to make up for this 
deficiency, some authors [l-4] have proposed a method of electric birefringence measurement under a 
steady-state shear flow. Moreover, Kobayashi has tried to extend the transient electric birefringence under a 
shear flow [51. In order to improve this method we have found the approximate expressions of transient electric 
birefringence and extinction angle up to the fourth power of an electric field and/or velocity gradient in a 
previous paper [6]. There, the angular distribution function was expanded into a function series made up of the 
product of the powers of the electric and hydrodynamic fields and a surface harmonic. In this paper, we will try 
to extend two techniques of electric birefringence to streaming-electric birefringence measurement. One is the 
method analyzing the initial slope or the initial response of birefringence just after a rectangular electric pulse is 
applied. For this purpose, the distribution function is expanded into a power series of reduced time instead of the 
electric field, as was done for electric birefringence in previous papers [7-121. It will be possible to derive the 
distribution at arbitrary electric fields even for streaming-electric birefringence, although it is limited to the 
initial period. 

The other is the response under an alternating electric field. The electric birefringence under a sinusoidal 
electric field such as E = E,cos uf or E = E,,sin tit, is also discussed by some authors [13-161. When a high 
frequent alternating electric field is used, only induced dipole moments are effective to the orientation of 
macromolecules. Therefore, we can confirm the contribution of the induced dipole moment to the orientation of 
macromolecules. If we can extend this method to the streaming electric birefringence method, we will be able to 
obtain information about the axial ratio of macromolecule at the same time as well as the parameters obtained 
by electric birefringence. 

2. Theory 

2.1. The initial distribution function under the action of a rectangular electric pulse 

As in a previous paper [6], let us start by considering the angular distribution function of an axially 
symmetric solute particle both with a permanent dipole moment and with an induced dipole moment. These 
symmetric axes are assumed to coincide with the common axis with respect to optical property and 
hydrodynamical property of the solute. The distribution function F satisfies the following diffusion equation; 

where operators D, P, Z and S are 

D=--+uz~;]+&$ 

P’p 2u-(1-L42); [ 1 , 
(3u2- 1) -u(l -d); , 1 

and 

u 
a 

S= ,,2 sin rP- 
(1-u”) a@ I +R(l -u~)“~ cos$ 3u-(1 -y2)S 

(1) 
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molecular axis 

Fig. I. Coordinate system of an axially symmetric particle in laminar flow, 3= (G:,O,O), and electric field, E’= (0.0, E). 

Here, u = cos 8, (Y = G/O, p = p’E/kT, y = (a,; a,)E2/2kT, and R = (p* - l)/(p’ + I). 0 is the 
angle between the molecular axis and the electric field E = (O,O, E), as shown in Fig. 1. 4 is the angle between 
the x axis and the projection of the molecular axis on the horizontal plane. 

The velocity of flow v’ = (Gz,O,O) only has as a component of the direction perpendicular to both the incident 
light and the electric field; G is the velocity gradient. Parameters, /;, ((Y, - a,), 0, and p are respectively the 
apparent permanent dipole moment, the anisotropy of electric polarizability, the rotational diffusion cpefficient, 
and the axial ratio of a rotational symmetric solute particle. Other notations are used with their usual meanings. 
Let’s expand the angular distribution function into the function series made by the product between the powers 
of CY and reduced time (to) and a surface harmonic as follows: 

F = CCCC K;:ld( Or)‘~/cos j+, (2) 

where P/ is the associated Legendre function of order i and degree j. After inserting Eq. (2) into Eq. (l), let’s 
set each coefficient of the powers of CI and Of as equal to zero. Additionally, using the property of the 
orthogonal function, we can obtain recurrence relations of Kf/, 

(1+ l)K:;‘+’ +i(i+ l)Kik,! 

= di,i_ 1 K~.3’;’ + di,j+ I K~,i:jl + d;_2,j_ ,K~~:.;‘_ 1 + di_2,j+ ]K~~:,;l+ I + di+z,,_ IK~~?‘,;I_ I 

+ di+ Z.j+ I 
Kk-I-! +d 

1+2,/+ 1 i_ 1,jKiklll.j + di+l,jK~~I,j + di_2.jKkI12.J + di,jK:,;‘f ‘;+2,JKli;l2,J’ (3) 

where 

(i-2)(i+j- 1) (i+3)(i-j+2) 

(2i - 1)(2i + 1) +1,2i+l)(2i+3) ’ I 

di,j+ 1 = -(i-,j)(i+j+l) 
l+R R (i-2)(i-j- 1) (i+3)(i+j+2) 

{~~~[~,2i-l)(2i+l) + (2i+l)(2i+i)]}’ 

R (i-t l)(i-j) 
d/_ 2,j- 1 = - 2 (2i _ 1)(2i _ 3) ’ d;-22j+l = 

R (i+ l)(i-j)(i-j- l)(i-j-2) 
-- 

2 (2i- 1)(2i-3) ’ 
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di+*,j- 1 = ’ 
i(i+j+ 1) 

2 (2i + 3)(2i + 5) ’ di+2vj+1 = 

R i(i+j+ l)(i+j+2)(i+j+3) 
-- 

2 (2i+3)(2i+5) ’ 

i(i+j+ 1) 
(2i_1) ydi+l.j=-p (2i+3) ’ 

d,_ ,=2y(i+l)ti--j)(i-j-1) (i-2)(i+j)(i-j) (i+3)(i-j+ l)(i-kj+l) 

- 1 2.1 (2i 
- 

1)(2i - 3) (2i - 1)(2i + 1) (2i + 1)(2i + 3) 1 
and 

di+ 2,j = -2~ 
i(i+j+ l)(i+j+2) 

(2i+3)(2i+5) ’ 

Here, in the special case when j = 1, we must double the terms of Kk;!,‘, for m = i,i + 2 in Eq. (3). The 
coefficients Ki”/’ which describe the state before the application of an electric field satisfy next recurrent 
relation instead of Eq. (3). 

i( i + 1) Ki”/‘= di,j_ 1 KFj=‘f + di.j+ 1 Kitj;‘;O + di_f,j_ ,K:Ii,f- 1 + di_,,j+,K~~:,;o+ 1 + di+z,j_ ,Ki’ii,f_ 1 

+ di+2.j+ lK:T2’,f+ 1. (4) 

When (Y = 0, the angular distribution function is a constant, l/45-. This means that Kg = 1/4rr and 
K,? = 0 (i > 0 or j > 0). Using this initial condition, we can determine coefficients K,“j” from Eq. (4) as shown 
in a previous paper [6]. Moreover, these coefficients K,? and Eq. (3) make possible the determination of the 
coefficients K,“j’, the coefficients K,:? and so on, recurrently. These calculation up to the order cr3 can be done 
by use of the computer software REDUCE although these are rather complicated. Some of the coefficients K,“i’ 
are zero and the others except for K,“’ depend on the electric field 

2.2. The distribution function under a low alternating electric field 

The diffusion equation when an alternating electric field is applied to a solution, is denoted by 

($-&D)F=EP’F+E’I’F+dF, 

where operators P’ and I’ are equal to P/E and Z/E2. This expression and the operators are all same as those 
in a previous paper [6]. The difference is that the electric field E is not constant. It is expressed by 

E = E,,sin wt. (6) 

Further, the distribution function is expanded as follows; 

F = CCCC L:J!cY kEA Pi’ cos j+. (7) 
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The recurrence relation we obtained is expressed by, 

+di+2.j+l Z~;~,$+, + ( di_ ,,jLt!T.; + d,,,,jLi$;.i)sin wt 

+ ( di_2,jLt!;,: + di,jL~:j-2 + di+z,jL~;i;,~)sin2 wt. (8) 

The coefficients d, (n = i, i $- 1, i + 2) which are obtained by replacing p and y in dnj (n = i, i 4 1, i + 2) 
of Pq. (3) with bj= d/U) and c( = (a, - a2)/2kT) are all the same as those in a previous paper [6]. 
Coefficients L:f are calculated recurrently although they are rather complicated. Some of the coefficients L:j are 
zero and the others except for L:y depend on the frequency w and time. 

2.3. Birefringence and extinction angle 

The refractive index n of a solution is expressed by a matrix with nine components 

(9) 

The birefringence An, the difference in the refractive indices parallel and perpendicular to the main axis of 
the refractive index ellipsoid, and the extinction angle x are expressed by 

An = A((& - n2,,)2 + (2nzX)*)“*, 

cot2x= -(n:; - n2,,)/2n~,. (11) 

Each component in Eq. (9) is calculated from the angular distribution function F and the relations obtained 
by Peterlin and Stuart [17]. Then two terms in Eqs. (10) and (111, n:, - nt, and n&, become in the initial 
period after applying a rectangular electric field. 

nfz - nZ,, = (12) 

and 

n2 = n2 - x: ZX - $2CG( g, - g2)CCak( Ot)‘K& (13) 

where C, is the volume concentration of solute and ( g , - g,) is the optical anisotropy factor. For an alternating 
electric field these are expressed by, 

nt; - n2,, = $2qg, -g,)CC &E;(L;; - 2Lk,L) (14) 

and 

16 
n2 = n2 = - .t?. ZX 5 

7rV,( g, - g,)CC’y%:,L~k,:. (15) 
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Therefore, it is easy to obtain the expressions for the birefrigence and the extinction angle from Eqs. (10) and 
(1 I). However, it is not easy to observe them directly. As shown in a previous paper [6], instead of these 
quantities two transmitted light intensities AZ,, and AZ,, can be easily observed. AZ,, is that when the polarizer 
is at 45” with respect to the electric field and the analyzer is at 90” with respect to the polarizer. AZ, is that 
when the polarizer is at 0”. Moreover, these have been expressed by (AZ,,) = Z,(nZ/A)*(n& - n2,J2/4n2 and 
(AZ,,) = Zo(al/,02 (2n:,)2/4n2, where the retardation of light is assumed to be very small compared with 
unity. Z, is the intensity of light when the analyzer is set parallel to the polarizer. If Y,,(Or) and Y,(@t) are 
defined by Y,,(@t>= +-A/~l~AZ,,/Zo)1’2 and Y&Or)= ~~(A/TIXAZ~/Z,,)‘/~ and if their signs are 
suitably selected, they are proportional to n:, - nt, and n:,, respectively. That is, 

and 

Y,(Ot) = *. 

(16) 

(17) 

3. Results 

The initial condition in the build-up process corresponds to the steady state distribution under a shear flow. 
Its approximate solution up to ff 4 has been obtained from Eq. (4) and some coefficients Kii, K:F, and Kif 
which relate with the birefringence and extinction angle have been shown in a previous paper [6]. Using the 
initial condition, we can calculate the coefficients (K:$ from Eq. (3). The terms up to (Ot)2 and a3 are shown 
in Table 1 and other terms to a higher order are presented in Appendix A. The terms, Kti (l= 1,2,...>, which 
are related with the electric birefringence, coincide with those obtained by Nishinari et al. [7]. Using coefficients 
of K;;, K;;, and K;;, we can obtain Y,,(@t) and Y,(@t) for the build-up from Eqs. (16) and (17). Let us 
denote them by Y4t(@t> and Yt(@t> as follows; 

Y$( of) = 
2TC”( g1 - g2) 

15n [ Q, + Q,( or) + Q,( 691)’ + . . . ] 

Y,B( ot> = 
2aC”( g, - g2) 

15n 1 G,+G,(Ot)+G2(@t)2+ a..]. 

(18) 

(19) 

The coefficients QO, Q,, Q2 in Eq. (18) and G,, G,, G, in Eq. (19) for the build-up process are respectively 
expressed by, 

(21) 



M. Matsumoto/Biophysical Chemistry 58 (1996) 173-183 

(24) 

6y 17 22 1 
R- 14-2---y2+za2 

2 

( 

59 
+ TY2 -R2+$R+; 

2860 

Their initial slopes (Q, and G,> are proportional to y. 
For low alternating electric fields, Y,,(@t> defined by Fq. (16) becomes 

(25) 

Y<( or> = 
2rC,( g, - g2) 

15n 
Q,+ y+2p2T: - F 

I 2 

cos(2wt) + 12+ , 21 (47 sin ot- cos wt)e-m20r 

where r) = O/o, A, = 1 + 4v2, A, = 1 + 977’, and A, = 1 + 16~~. Moreover, y and p in this equation mean 
((Y, - a,)Ei/2kT and pfE,/kT. All terms in this equation except for the hydrodynamic term Q, coincides 

Table I 
Coefficients 47rK,‘,’ in low order terms with respect to reduced time T( = Or) 

(. 26) 

7” (I= 0) 7’ (I= 1) 720 = 2) 

0, 
45-K% 4-Y 2(P, -by)+ $2 

1 
~PK;; 

ZYR 

4xK$ -&R[~p2(&R-I)+~y(~R-l)+y~(+5R-~)] 

4nK" ?? R[;(;R+l)y-&P'--&y'(;R+I)] 

47~K"' -&yR(;R'-8R+5) 

59 
1, 

ZS60R'+;R+fi 12 ) 
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with the expression for electric birefringence obtained by Ogawa et al. [13]. On the other hand, Y,( @t) at low 
fields is given by 

Y,A(Ot) = 2TC”( g, - g2) 
15n 

cr[G,/cr+H,H,,sin(2ot) +H,,cos(2or) 

+ (H*,sin wt + Hzccos or)e-2e’ -t- H3em6@’ + (H,,sin ot + HJccos or)e-‘*@‘], (27) 

where coefftcients of Ho, H,,, . . . and Hdc are shown in Appendix B. Y$Ot) and Yt(@r> mean Y,,(@t) and 
Y&Or) for low alternating electric fields. 

4. Discussion 

Unfortunately, the diffusion equation at arbitrary hydrodynamic field strength cannot be solved. Therefore, 
although the expressions of Ydt(@t> and Y,B(@t> in the initial period of build-up process are satisfied at 
arbitrary electric fields, they are limited to low hydrodynamic fields. In this condition, the main term of 
Yz(Ot) - Ybt(0) is the same as the term of electric birefringence. Hence, the function of Yz(@t) - Y:(O) in 
the initial period is almost independent of the hydrodynamic field or the axial ratio of a particle as shown in Fig. 
2. 

On the other hand, the initial slope of Y:(@t) has the factor made up of the product between the electric 
parameter y, the hydrodynamic parameter a and R. If y and cr are fixed, the initial slope is proportional to the 
value R. Hence, the build-up is strongly dependent of the axial ratio although it is not sensitive to low and high 

I I 

Fig. 2. Build-up curves of Yz(@r) and Y4;(Or) of particles with various axial ratios(p) vs. reduced time T( = @t) under the fields; 
p2 +2y = 0.5( P2/2y = 1) and (Y = 0.1. The broken line means the build-up of Yz(@t), which is almost independent of the axial ratio. 
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axial ratios as shown in Fig. 2. This means that the build-up of Y:(@t) provides us with information about the 
axial ratio of the solute particle. For instance, at low hydrodynamic fields, Eqs. (201, (21), (231, and (24) 
become respectively, Q, = -Ra2/6, G, = aR, Q, = 12y, and G, = 2 ayR/7. Therefore, the values of (Y, R, 

and y, are all then obtained by following relations, 

and 

QO y: (0) 
(y= -6-E -6- 

Go Gw ’ 
7G, 7Y,B’(O) 

Y=2G,= 2Y{(O) ’ 

G,G, R= -7-_= _ 7 Gvw,s’(0) 
QoQ, Ktwwzl~)~ 

(28) 

(29) 

(30) 

Moreover using Eqs. (281, (29), and (30) we can calculate the optical anisotropy factor (g, - g2) from the 
following relation. 

WO) +c,(g, -g:) = ;YoR(o)$ = ;Y;(o)- 
1 Y,B’(O) (31) 

Y:‘(O) and Ya;‘(0)) in these relations means the derivatives of Yt(@t> and Ya:(@f) at @f = 0. In practical, it is 
necessary to know the rotational diffusion coefficient in order to change time to reduced time. 

When the frequency of alternating electric field is enough high, n(= @/ ) . w IS negligible small. Therefore, 
Eqs. (26) and (27) reduce to the following relations which are shown up to the first order of 77. 

Y.&(OI)=&~C,(~,-g,) -~Ra2+y[a,(t)],=,-3y~sin(2wr) ( 32) 

and 

Y,:(@t)=-$K,.(g,-g2) R-LR a( 36 a2(;R2+l) +;+R+l)[l,(r)l,z, 

-3;:yRnsin(2or) , 
1 

(33) 

[ AB( t)] ,,=,, = 1 - em6Q’ 
( 

R+7 
and[r,(t)],=,= 1 - 1 + ~6760t 

[A&)1,=, and [Q&d,=, means the expression of A,(t) and T,(t) when the permanent dipole moment is 
neglected. Their coefficients are half of those for a low rectangular electric field. The sign of the last term in Eq. 
(33) directly depend on that of R which is negative for a oblate ellipsoid and positive for a prolate ellipsoid. 

Theoretically, it is expected that parameters of (Y( = G/O), y, R, and (g, - g2) can be determined from 
Eqs. (28), (29), (30) and (31). From the values of 0 and R, we can determine the dimension of axially 
symmetric solute particle or associated particle. Moreover, from the parameters of y and (g, - g2), we can 
make sure how the solute particle is arrayed by an electric field. Therefore, as a next step, it is necessary and 
important to check how precisely they can be experimentally determined. Moreover, we should find out if Eqs. 
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(32) and (33) for an alternating electric field with high frequency are convenient to determine these parameters. 
Hence, experimental discussions for these theoretical results should be done. We are trying to do it and we will 
publish the results elsewhere. 

Appendix A. Coefficients K,“i’ which relate to the birefringence and the extinction angle in the build-up 
process 

Appendix B. Coefficients in Eq. (27) 

-R(193 + 13489~~ + 54828~7~ - 336960~~) 
I 

- &R(l7 + 1037~~ - 28704~~ - 275616~~ + 124416~~~) 
5 I 
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=2,2&{12@t(;R+l)+-[ 3( 1 - 28772 - 320q4) + AR(301 + 6260~~~ - 40256~~) 

H,,= -2p2 
&j,ot(GR+l) +&[ 

36( 1 + 8~~) - & R(233 + 4780~7~ - 14848~~) II 
H,=-7; Ot I,+, +L l+27q2+;R(l+18~2) 

2( (7 I6h2[ 
]} +@‘&{,ni(tx+ ij 

1 + 3197/2 + 3672~~) - &R(7 + 743~7~ + 17868~~ + 89856$‘) 
4 

H4s = 

192 2 

H,, = n5R/32-L 
A4h5 

where 77 = @/co, A, = 1 + 4~~, A, = 1 + 9q2, A, == 1 + 16~~. A, = 1 + 36q2, and A, = 1 + 1447’. 
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