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Abstract

The time-dependent rotational diffusion equation for rigid macromolecules in solution has been approximately solved for
two cases in order to extend the electric birefringence technique to streaming-electric birefringence. One is for the initial
period through the application of a rectangular electric pulse to the solution immersed in a low shear flow. The purpose of
this is expansion of the distribution function into a function series made by the product of the powers of reduced time
(= O¢) and hydrodynamic field a (= G/ 0, G: velocity gradient, @: rotary diffusion constant) and a surface harmonic P/
cos j¢. The solution for the build-up process at arbitrary electric field strength is found, but is limited to low hydrodynamic
fields. The other is for the response when an alternating electric field is applied to the solution in a shear flow. Here, instead
of reduced time, the maximum electric field E, is chosen as a parameter for the expansion. The expressions for the intensity
of the transmitted light through crossed Nicols are derived in two optical systems where the polarizer is set at an angle of 45°
and 0° to the direction of the electric field. The results in the former case show that we can determine four parameters, the
ratio of velocity gradient to rotary diffusion constant, the axial ratio of a particle, the anisotropy of electric polarizability, and
the optical anisotropy factor, from four values observed in two optical systems, namely, two light intensities before applying
an electric field and two initial slopes of the build-up after applying an electric field. On the other hand, when a low
alternating electric field with extremely high frequency is applied, the build-up of the light intensity in the former case is the
same as that of electric birefringence for pure induced dipole orientation. The build-up for the latter optical system is the
same as the expression for pure induced dipole orientation of Eq. (38) shown in a previous work.
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1. Introduction

The measurement of electric birefringence is very sensitive, thus making possible measurement at dilute
concentrations and for small-scale samples. Moreover, it gives us various kinds of information such as the
electric, optical, and hydrodynamic properties of the solute. However, we can neither directly determine whether
the shape of the solute particle with geometrical symmetric axis is prolate or oblate nor determine any of the
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signs of the optical anisotropy factor and the anisotropy of electric polarizability. In order to make up for this
deficiency, some authors [1-4]} have proposed a method of electric birefringence measurement under a
steady-state shear flow. Moreover, Kobayashi has tried to extend the transient electric birefringence under a
shear flow [S]. In order to improve this method we have found the approximate expressions of transient electric
birefringence and extinction angle up to the fourth power of an electric field and/or velocity gradient in a
previous paper [6]. There, the angular distribution function was expanded into a function series made up of the
product of the powers of the electric and hydrodynamic fields and a surface harmonic. In this paper, we will try
to extend two techniques of electric birefringence to streaming-electric birefringence measurement. One is the
method analyzing the initial slope or the initial response of birefringence just after a rectangular electric pulse is
applied. For this purpose, the distribution function is expanded into a power series of reduced time instead of the
electric field, as was done for electric birefringence in previous papers [7—12]. It will be possible to derive the
distribution at arbitrary electric fields even for streaming-electric birefringence, although it is limited to the
initial period.

The other is the response under an alternating electric field. The electric birefringence under a sinusoidal
electric field such as E = Eycos wt or E = Eysin wt, is also discussed by some authors [13—16]. When a high
frequent alternating electric field is used, only induced dipole moments are effective to the orientation of
macromolecules. Therefore, we can confirm the contribution of the induced dipole moment to the orientation of
macromolecules. If we can extend this method to the streaming electric birefringence method, we will be able to
obtain information about the axial ratio of macromolecule at the same time as well as the parameters obtained
by electric birefringence.

2. Theory
2.1. The initial distribution function under the action of a rectangular electric pulse

As in a previous paper [6], let us start by considering the angular distribution function of an axially
symmetric solute particle both with a permanent dipole moment and with an induced dipole moment. These
symmetric axes are assumed to coincide with the common axis with respect to optical property and
hydrodynamical property of the solute. The distribution function F satisfies the following diffusion equation;

1 0
— — ~—D|F=PF+IF+ aSF, 1
(@at ) * (1)

where operators D, P, I and § are

P L 1 8
D=—|(1-w)— |+ — —
o | ) 0 | T T 3

a
P=[~}[2u—(1 —uz)a—u],
d
I=2y[(3u2— 1) —u(l -—uz)a—u],
and

i ——u———sin¢>i +R(1—uz)l/zcos¢[3u—(1—u2)i]
(1_u2)1/2 64) Bu )
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Fig. 1. Coordinate system of an axially symmetric particle in laminar flow, #' = (Gz,0,0), and electric field, E =(0,0,E).

Here, u=cos 0, a=G/0, B=yWE/kT, y=(a, = a)E*/2kT, and R={(p>— 1}/(p*+ 1). 6 is the
angle between the molecular axis and the electric field E = (0,0, E), as shown in Fig. 1. ¢ is the angle between
the x axis and the projection of the molecular axis on the horizontal plane.

The velocity of flow ¥ =(Gz,0,0) only has as a component of the direction perpendicular to both the incident
light and the electric field; G is the velocity gradient. Parameters, i, (@, — ,), @, and p are respectively the
apparent permanent dipole moment, the anisotropy of electric polarizability, the rotational diffusion coefficient,
and the axial ratio of a rotational symmetric solute particle. Other notations are used with their usual meanings.
Let’s expand the angular distribution function into the function series made by the product between the powers
of a and reduced time (¢@) and a surface harmonic as follows:

= ki k Ipj ;

F=YYLYY K a*(O1) Plcos jd, (2)
where P/ is the associated Legendre function of order i and degree j. After inserting Eq. (2) into Eq. (1), let’s
set each coefficient of the powers of a and @r as equal to zero. Additionally, using the property of the
orthogonal function, we can obtain recurrence relations of K ,."j’,

KI4T 4 o ki

(1+ 1)Kij i+ DK

=d, ;KGN +d KN Yd o (K v d o, K v d K

-1 =1 [N WL | i~2,j-1 i—2,j+1 i+2,j-1

k- 1,1 kd k.1 . . Ni
+di+2,j+lK' +d, K 1.j+di+1,jKi+l,j+di*Z.jK‘k[ +di,jK!(.jI+d‘+2‘jKik+2,j’ (3)
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p _ R i(i+j+1) B Ri(i+j+1D(i+j+2)(i+j+3)
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and

i(i+j+D)(i+j+2)
(2i+3)(2i +5)

di+2,j= -2y

Here, in the special case when j= 1, we must double the terms of K7’ for m=1i,i+ 2 in Eq. (3). The
coefficients K* which describe the state before the application of an electric field satisfy next recurrent
relation instead of Eq. (3).

L kO _ k=10 k-1, k=10 k-10 k—10
i(i+ I)Kij =d, ;K. ;-7 +td ;. K +di~2,j—1Ki—2,j—1 +di—2,j+1Ki—~2,j+] +di+2,j—lKi+2,j~l

k—1,0
+di+2.j+]Ki+2,j+l' (4)

When a =0, the angular distribution function is a constant, 1/47. This means that K% = 1/4m and
K i(}o =0 (i > 0 or j> 0). Using this initial condition, we can determine coefficients K ,-"jo from Eq. (4) as shown
in a previous paper [6). Moreover, these coefficients K ,."]-O and Eq. (3) make possible the determination of the

coefficients K ,"]' the coefficients K and so on, recurrently. These calculation up to the order a” can be done
by use of the computer software REDUCE although these are rather complicated. Some of the coefficients K {‘j’

are zero and the others except for K’ depend on the electric field
2.2, The distribution function under a low alternating electric field

The diffusion equation when an alternating electric field is applied to a solution, is denoted by

19
— — —D|F=EP'F+E*I'F + aSF,
(@ % ) a$s (5)

where operators P’ and I’ are equal to P /E and I / E°. This expression and the operators are all same as those
in a previous paper [6]. The difference is that the electric field E is not constant. It is expressed by
E = E;sin wt. (6)

Further, the distribution function is expanded as follows;

F=YYYY L{la*E{P/ cos j. (7)
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The recurrence relation we obtained is expressed by,

ki
i

0
=d, ;L3 +d ;L0 +d,

iLj-1™ij-1 L+ 1™ j+1 i-2,j-1

k,i—1 k-1 .
- Lic T di-HJLiHJ)Sm wt

+i(i+ 1) LY

L’f:zl,'j—l + di—z,j+1Ll::21:j'+l + di+2,j— 1 L,f';;fL ]
+ di+2.j+1L’x:2]:j’+l + (d
+(dp oy L3 d L+ d LY )sin? o (8)

The coefficients d,; (n=1i, i + 1, i + 2) which are obtained by replacing B and y in d,; (n=i,i+1,i+2)
of Eq. (3) with b(= ' /kT) and (= (a, — a,)/2kT) are all the same as those in a previous paper [6].
Coefficients L%} are calculated recurrently although they are rather complicated. Some of the coefficients Lf! are
zero and the others except for L’f? depend on the frequency  and time.

2.3. Birefringence and extinction angle

The refractive index n of a solution is expressed by a matrix with nine components

2 2 2
n,, nxy ny,

2 __ 2 2 2

ntE= Ryx o My My (9)
2 2 2
nlx nzy nZZ

The birefringence An, the difference in the refractive indices parallel and perpendicular to the main axis of
the refractive index ellipsoid, and the extinction angle y are expressed by

1 1/2
An= E{(niz—nix)2+ @2}, (10)
cot2y = —(n%z—nix)/Znﬁx. (11)

Each component in Eq. (9) is calculated from the angular distribution function F and the relations obtained
by Peterlin and Stuart [17]. Then two terms in Egs. (10) and (11), n?. —n_ and n?_, become in the initial
period after applying a rectangular electric field.

16
nl =5 w08 ~ )Lt (00) (Kf - 2K3;) (12)
and
16
m.=nt= = mC (8~ 8:)ELaX(O1) KT, (13)

where C, is the volume concentration of solute and (g, — g,) is the optical anisotropy factor. For an alternating
electric field these are expressed by,

16
ne—mua= 7 08~ &) EL aEg( Ly — 2Ln) (14)

and

16
n: =n? =—5—7r2Cv(g,—g2)XZa"EéL'§’,. (15)
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Therefore, it is easy to obtain the expressions for the birefrigence and the extinction angle from Eqs. (10) and
(11). However, it is not easy to observe them directly. As shown in a previous paper [6], instead of these
quantities two transmitted light intensities Al,s and Al can be easily observed. Al is that when the polarizer
is at 45° with respect to the electric field and the analyzer is at 90° with respect to the polarizer. Al is that
when the polarizer is at 0°. Moreover, these have been expressed by (A41,5) = Iy(w1/A)*(n?, — n2 )?/4n* and
(Al =1(ml/A)? (2n2,)?/4n?, where the retardation of light is assumed to be very small compared with
unity. I, is the intensity of light when the analyzer is set parallel to the polarizer. If Y,;(@1) and Y,(©1) are
defined by Y,(@1)= +(A/7INALs/1)"/* and Y(O1) = +(A/7IXAl/1,)"/? and if their signs are

suitably selected, they are proportional to n?, — n?_and n?_, respectively. That is,
2z XX X
JET
2z xx
Yis(01) = ———— (16)
and
"o
Yy(O1) = pat (17)
3. Results

The initial condition in the build-up process corresponds to the steady state distribution under a shear flow.
Its approximate solution up to a* has been obtained from Eq. (4) and some coefficients K%, K7, and K£?
which relate with the birefringence and extinction angle have been shown in a previous paper [6]. Using the
initial condition, we can calculate the coefficients (K/) from Eq. (3). The terms up to (©1)* and a* are shown
in Table 1 and other terms to a higher order are presented in Appendix A. The terms, K3 (I=1,2,...), which
are related with the electric birefringence, coincide with those obtained by Nishinari et al. [7]. Using coefficients
of KX, KX, and K%, we can obtain Y,{(@1¢) and Y (@) for the build-up from Egs. (16) and (17). Let us
denote them by Y,2(01) and Y (O1) as follows;

vicon = ZLEE) o5 (01 + 0,00 ¢ -] (18)
and
YZ(O1) = ZWC”(I;_ £2) [Go+Gi(01) +G(01) + ---]. (19)

The coefficients Q,, Q,, @, in Eq. (18) and G,, G,, G, in Eq. (19) for the build-up process are respectively
expressed by,

-, (20)

1 7 1 23 98 59 1
12+ —a’R[=R—1| - —a*R| ——R*~ —R>+ —R— - ||, (21)
325 825 750 3
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1
Gy=aR|l— —a{ —R*+ 1] +...|, (23)
36" |35
6= tayrlz- Lot LrroBRy2 24
= — —— —_— —_—— + — s
A 0%\ 9 9) (24)
B L P S W O S 17) ol L 29)
—aR{— - —B2— —y2+ — —R-—R+— | —yR| —R+ =
RV TR AR I bryre ST YY B ETRNEY
2 (59 g 11
+ =y —=R*+ —R+ —}|;. (25)
37 | 2860 50T 12

Their initial slopes (Q, and G,) are proportional to 7.
For low alternating electric fields, Y,5(©1) defined by Eq. (16) becomes

2

27C,(8, ~ &) n’ 37 7%\
Y4§(@')=T Q0+7+2BZ‘X——T 7+532—)‘— sin (2wt)
1 2 !
3772 1—67]2 772
“77_ (3)" X B*|cos (2wt) + 1262A1A3(4nsin wt — cos wt)e” 29"
__1_ ,),_7[321]_2 e—66: (26)
A, A . ‘

where 1= 0/w, A, =1+4n% A, =1+97? and A, =1 + 16m°. Moreover, y and B in this equation mean
(o, — a,)E}/2kT and W E,/kT. All terms in this equation except for the hydrodynamic term Q, coincides

Table 1
Coefficients 47K}/ in low order terms with respect to reduced time 7(= 01)
" (I1=0) ' U=1) ¥ (1=2)
8

4Ky 4y 2AB, ~67)+ 772
4mK)! lR : R i R !l R
TRu g 27 YT RPRTGY

SR N D oeCron 1527)373R e
4mKl  —R(=R-1 — yR(=R -1 ——r|Zp =kt >yl ZR-1) 4y =R -1
TRao 94M7 25 TR L BT 2\ 15 Y'\5s

TR (3 D : R(R+1) R1 13R1 Lgro Ly 3R1
4wk}l —R(=R+ —— + —Zr+1)y - —pr = — 2 Zr+
TRE T4 2527 56179 Yo T
o Rt DU 2SR U (PO LS DS U WL DY (S N |

3 ———R(—R®>+ — ——yR(-—R?* -8R+ —R| =B —R~—R+— |+ =y ——=R*+ =R+ —
T 21635 3780 0 11 2P \a® R ) T3 (mee X TRt
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with the expression for electric birefringence obtained by Ogawa et al. [13]. On the other hand, Y,(©¢) at low
fields is given by

2wC,(8,— 8
YA Or) = ——Lls—l—zla[Go/a + HyH, sin(2wt) + H, cos (2wt)
n
+(H,,sin wt + H, cos wt)e 2%+ H,e *®" + (H, sin wt + H, cos wt)e™ 29[, (27)

where coefficients of H,, H,,, ... and H,, are shown in Appendix B. ¥,5(®1) and Y;'(®1) mean (1) and
Y,(©1) for low alternating electric fields.

4. Discussion

Unfortunately, the diffusion equation at arbitrary hydrodynamic field strength cannot be solved. Therefore,
although the expressions of Y,2(@1) and Y2(@1) in the initial period of build-up process are satisfied at
arbitrary electric fields, they are limited to low hydrodynamic fields. In this condition, the main term of
Y.2(01) — 7,5(0) is the same as the term of electric birefringence. Hence, the function of ¥,2(@¢) ~ ¥,2(0) in
the initial period is almost independent of the hydrodynamic field or the axial ratio of a particle as shown in Fig.
2.

On the other hand, the initial slope of Y (1) has the factor made up of the product between the electric
parameter vy, the hydrodynamic parameter « and R. If v and « are fixed, the initial slope is proportional to the
value R. Hence, the build-up is strongly dependent of the axial ratio although it is not sensitive to low and high

P=10 P=1.3

N

P=0.78

—

o

P=0.6

18n{Yo(t)-Yo(0)}x105/{2C (g:-g2)}
{(?6-'0)0uz)20 L X{(0)* A-(2) A Jug |

-1 L -1

I
o 0.01 0.02

Fig. 2. Build-up curves of YZ(@1) and Y2(O1) of particles with various axial ratios(p) vs. reduced time 7(= &) under the fields;
B*+2y=05(B2/2y=1) and a =0.1. The broken line means the build-up of Y2(O1), which is almost independent of the axial ratio.
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axial ratios as shown in Fig. 2. This means that the build-up of Y#(@1) provides us with information about the
axial ratio of the solute particle. For instance, at low hydrodynamic fields, Egs. (20), (21), (23), and (24)
become respectively, O, = —Ra?/6, G, = aR, Q, = 12y, and G, = 2ayR /7. Therefore, the values of a, R,
and v, are all then obtained by following relations,

0, Y3(0)
= g =0 g BN 28
R OR (28)
_7G, 7Y5(0) .
Y= 36, " 2020 (29)
and
GG, Y5 (0)Y§ (0)
R= -7 = -] 30
X T OTZA0) (30

Moreover using Eqs. (28), (29), and (30) we can calculate the optical anisotropy factor (g, — g,) from the
following relation.

2 1 0 1 Y5(0)
—aC —g,)=—YE(0)— =—Y5(0 ; 31
5700 8 = O G = 5O 7rg (31)
Y£'(0) and Y,2'(0)) in these relations means the derivatives of Y2(@1) and ¥,2(@1) at O = 0. In practical, it is
necessary to know the rotational diffusion coefficient in order to change time to reduced time.

When the frequency of alternating electric field is enough high, n(= @/w) is negligible small. Therefore,
Egs. (26) and (27) reduce to the following relations which are shown up to the first order of 7.

2 1 ,
Y?s(@t)=E7"Cu(81“gz){—gRa2+V[AB(I)]b=0“37"75in(2w’)} (32)
and
B 2 1 R 3 " 1 2
YO(@t)=E7TCU(g]-g2)a R—gRa ER +1 +g’y 7R+1 [FB(I)];,:O
1
—3—lz'ansin(2wt)}, (33)
where

[85()],.=1—¢ *®and[T5(1)], =1 - (1 N R+7

6@t)e69’.
2R+7

[A5(D],_, and [Iz(2)],_, means the expression of Ag(r) and I,(z) when the permanent dipole moment is
neglected. Their coefficients are half of those for a low rectangular electric field. The sign of the last term in Eq.
(33) directly depend on that of R which is negative for a oblate ellipsoid and positive for a prolate ellipsoid.

Theoretically, it is expected that parameters of a(=G/®), v, R, and (g, — g,) can be determined from
Egs. (28), (29), (30) and (31). From the values of ® and R, we can determine the dimension' of axially
symmetric solute particle or associated particle. Moreover, from the parameters of y and (g, — g,), we can
make sure how the solute particle is arrayed by an electric field. Therefore, as a next step, it is nedessary and
important to check how precisely they can be experimentally determined. Moreover, we should find out if Eqs.
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(32) and (33) for an alternating electric field with high frequency are convenient to determine these parameters.

Hence, experimental discussions for these theoretical results should be done. We are trying to do it and we will
publish the results elsewhere.

Appendix A. Coefficients K ,-"j’ which relate to the birefringence and the extinction angle in the build-up
process

13 1 5 125 5 1 2 143 5 2
47TK21=EB +1—2€Rﬁ — 4y 1+ER +7 1+3-7—R —ngB ’}'—'3—3-R'y

4K —8{(3)'— -2—B2) - l')/(4'y+ SBZ) - i'y }
3

7 21

Lo(619 L )L LA A 227R) T 61R)
4mKD = — R*—1| - —R + R+ — _ IR - —RBY D+ —
7K 7(315 ) 126 7( 55 ) 693 Y( 65 21 RP (3 35

. 79 1 I 1R(5R 23) 1R2(1R 1)
- 1= —R?| + —RBY| —R—1] + — = —R+—
drkn =17 ( 63 ) 2R 756 AR 3 ) YRR R T &

Appendix B. Coefficients in Eq. (27)

2

1 (2 6
H0=gy( R+1)——B7' 1—20n2+———R(11+53617 —3847)4)}

1 3
H,=—-=y— R+18 —R+1
2 /\ 14
7’ 1
+ B2—— |3(1 - 1277 = 1149*) + ———R(193 + 1348977 + 548287* — 3369607°)
)\2)\ 28 A,
3 7? 2 7 [15
H 1-9 R+1]|+B? —n?(3 + 13n* - 369*
le ™ 27)\2[ 7’(7 ) B A%A% 277( n 77)

")

28,
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H,

s

3

n 3 1 1
=282 120 =R+ 1} - 3(1 — 2812 — 320m*) + — R(301 + 6260712 — 4025671*
P A,Aa{ (5 ) /\,A3[( K ")+ 175 R( K ")

+

143 5

143

2 3 1 1
H, = —2[32777/\— {3@t(—R +1 : [36(1 +8n%) — ER(233 + 47807m% — 1484817“)}}

7

Ay A

1 1 1 2
H,= —y—{@t(—R+ 1) + o 1+27m* + 7R(l +1879%)

A 7 R

}+B2 {7@:(%R+1

3
+ 1+ 31972 + 3672n*) — ——R(7 + 743n* + 178687* + 898567°
WAL K )~ T, K K 1 )
152 o’
H4:: RB‘
175 "F A
192 n?

H, = —RB2

T 17507 N
where 1= 0/w, A, =1 +4n%, A, =1+99% A, =1+ 169% A, =1 + 3672, and A = 1 + 14472,
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